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BERGMAN KERNELS AND EQUILIBRIUM MEASURES
FOR POLARIZED PSEUDOCONCAVE DOMAINS
ROBERT BERMAN
Abstrat. Let X be a domain in a losed polarized omplex mani-
fold (Y, L), where L is a (semi-)positive line bundle over Y. Any given
Hermitian metri on L indues by restrition to X a Hilbert spae
struture on the spae of global holomorphi setions on Y with val-
ues in the kth tensor power of L (also using a volume form ωn on X).
In this paper the leading large k asymptotis for the orresponding
Bergman kernels and metris are obtained in the ase when X is a
pseudoonave domain with smooth boundary (under a ertain om-
patibility assumption). The asymptotis are expressed in terms of
the urvature of L and of the boundary of X. The onvergene of the
Bergman metris is obtained in a very general setting where (X,ωn)
is replaed by any measure satisfying a Berstein-Markov property.
As an appliation the (generalized) equilibrium measure of the po-
larized pseudoonave domain X is omputed expliitely. Other ap-
pliations to the zero and mass distribution of random holomorphi
setions and the eigenvalue distribution of Toeplitz operators will
appear elsewhere.
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1. Introdution
Let L be a holomorphi line bundle over a losed (i.e. ompat without
boundary) projetive omplex manifold Y of dimension n. Denote by
H0(Y, Lk) the vetor spae of all global holomorphi setions on Y with
Key words and phrases. Line bundles, holomorphi setions, Bergman kernel asym-
potis, global pluripotential theory, orthogonal polynomials MSC (2000): 32A25,
32L10, 32L20, 32U15, 42C05.
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values in the kth tensor power of L. Any given Hermitian metri φ on
L and a domain X in Y together with a volume form ωn indues an
L2−norm on H0(Y, Lk) obtained by integrating the point-wise norms
of setions in H0(X,Lk) over the domain X. The orresponding Hilbert
spae will be denoted by H(Y, Lk)X . The Bergman kernel K
k(x, y) of the
Hilbert spaeH(Y, Lk)X is the integral kernel of the orthogonal projetion
from the spae of all smooth setions with values in Lk onto H(Y, Lk)X .
In this paper the situation when the urvature form ddcφ is semi-
positive and the domain X = {ρ ≤ 0} has a smooth stritly pseudo-
onave boundary, i.e. the Levi urvature form ddcρ of the boundary
is negative, will be mainly investigated. Then X (or rather the triple
(X,L, φ)) will be alled a polarized pseudo-onave domain.
In the ase when X = Y and the urvature form ddcφ is positive
the asymptotis of the Bergman kernel Kk(x, y) as k tends to innity
have been studied extensively [35, 38, 1, 8℄ and are by now very well-
understood due to strong loazation properties. For example, in saled
oordinates on length-sales of the order 1/k1/2 the Bergman kernels
Kk(x, y) onverge (with all derivatives) to onstant urvature model ker-
nels. In partiular, the leading asymptotis of the Bergman measure
Bkωn, where B
k(y) :=
∣∣Kk(y, y)∣∣2
kφ
(the point-wise norm) may be ex-
pressed in terms of the loal urvature of L :
(1.1) k−nBkωn → (dd
cφ)n/n!
uniformly on Y. As an immediate onsequene Tian's almost isometry
theorem [35℄ holds
(1.2) k−1Ωk := k
−1ddclnKk(y, y)→ ddcφ
uniformly on Y, where k−1Ωk is alled the (normalized) k th Bergman
metri on Y. Note that the latter asymptotis are onsiderably weaker
than 1.1.
One notable appliation of these asymptotis was introdued by Shiman-
Zeldith in their study of random zeroes of random and quantum haoti
holomorphi setions [31℄ (see setion 1.2 below) and was further devel-
oped in a series of papers (for example with Bleher [11, 12℄).
A onrete realization of the situation studied in this paper is obtained
by taking Y as the n−dimensional projetive spae Pn and L as the
hyperplane line bundle O(1). Then the Hilbert spae H(Y, Lk)X may be
identied with the spae of all polynomials pk(z) in C
n
of total degree at
most k, equipped with the weighted norm
(1.3) ‖pk‖
2
kφ,X :=
∫
X
|pk(z)|
2 e−kφ(z)ωn,
where X has been replaed by its restritio to the ane piee Cn, where
φ is a smooth plurisubharmoni funtion of logarithmi growth and ωn is
the restrited Fubini-Study volume form (then the integrals are nite).
Moreover, X is by assumption the omplement of a bounded pseudoon-
vex domain in Cn. Suh weighted polynomials (with ωn replaed by a
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measure supported on a arbitrary set X) have been reently studied in
various ontexts. See for example [16℄ and Bloom's appendix in the book
[30℄ by Sa-Totik and the book [19℄ by Deift for the ase when E is a set
in E, onerning relations to (hermitian) random matrix theory. Very re-
ently Bloom-Shiman [18℄ studied the unweighted situation obtained
by setting φ = 0 in 1.3 and letting X be a regular bounded set in Cn
(see setion 7.2). Using pluripotential theory [26℄ it was shown in [18℄
that the orresponding normalized k th Bergman volume form (om-
pare formula 1.2) onverges weakly to the equilibrium measure µe of X,
supported on the (Shilov-) boundary of X :
(1.4) (Ωk/k)
n/n!→ µe
When the domainX is polarized (i.e. ddcφ > 0) the situation in the inte-
riour of X an be shown to loalize (as in 1.1). The main purpose of the
present paper is to study the inuene of the boundary on the Bergman
kernel asymptotis of H(Y, Lk)X and on a generalized equilibrium mea-
sure of the polarized pseudoonave domain X (dened following the
very reent work [25℄ of Guedj-Zeriahi). In the situation of Shiman-
Bloom refered to above these objets may, in general, not be expressed
in terms of the loal urvature of the boundary ∂X of the domain X.
However, under the assumption of global negativitity of the urvature
of the boundary ∂X there is a natural loally dened andidate for the
boundary ontribution, namely the following 2n − 1 form, invariantly
dened on the boundary of X :
(1.5) µ :=
∫ T
0
(ddcφ+ tddcρ)n−1 ∧ dcρ)dt/(n− 1)!,
where T is the following funtion on ∂X, that will be referred to as the
slope funtion:
T = sup
{
t ≥ 0 : (ddcφ+ tddcρ)x ≥ 0 along T
1,0(∂X)x
}
.
The point is that T is nite when ∂X is pseudoonave. It will be shown
that, further assuming a ertain ompatibility between the urvature ddcρ
of the boundary ∂X and the urvature ddcφ of line bundle L, leads to
loalization properties of the Bergman kernel asymptotis and the (gen-
eralized) equilibrium measure. In fat, as illustrated by the examples in
setion 3.3, there are large lasses of polarized pseudo-onave domains
X where the loalization properties hold preisely when the assumption
on ompatible urvatures holds.
The main results below are based on the Bergman kernel asymptotis
obtained in setion 5. A major role in the proofs of these asymptotis
is played by the loal holomorphi Morse inequalities obtained in [2, 4℄.
In the present setting these inequalities an be seen as rened versions
of the Bernstein-Markov inequalities used by Shiman-Bloom (ompare
setion 7.3). In the last setion some open problems onerning general
smooth domains X (and even more general situations) are formulated.
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These open problems should be seen in the light of some very reent
developments that have appeared sine the preprint of the rst version
of the present paper appeared: in [6℄ the situation when X = Y, but the
urvature of L is arbitrary is studied and in [16, 17℄ the planar ase is
studied.
Finally we turn to the preise statement of the main results (see setion
2 for further notation).
1.1. Overview of the main present results. The polarized pseudo-
onave domain X will be said to have ompatible urvatures when the
slope funtion T above is onstant on ∂X for some hoie of the den-
ing funtion ρ and ertain further assumptions depending on the lling
Y −X of X hold (see setion 2.2). For example, in the ase of polyno-
mials refered to above the ompatibility assumption holds if −ρ = φ in
1.3.
Bergman kernel asymptotis (setion 5). The rst main result gives the
onvergene as a measure of the Bergman kernel:
Theorem 1.1. Let Kk be the Bergman kernel for the Hilbert spae
H(Y, Lk)X assoiated to the polarized pseudoonave domain X with om-
patible urvatures. Denote by ∆X×X and ∆∂X×∂X the urrents of inte-
gration on the diagonal in X ×X and ∂X × ∂X, respetively. Then the
sequene of measures
k−n
∣∣Kk(x, y)∣∣2
kφ
1X(x)ωn(x) ∧ 1X(y)ωn(y)
onverges on Y × Y to
[∆X×X ] ∧ 1X(0)(dd
cφ)n/n! + [∆∂X×∂X ] ∧ µ
in the weak *-topology, where µ is the 2n− 1 form 1.5 on ∂X.
In fat, in order to prove the previous theorem the following speial
ase will rst be shown for the orresponding Bergman measure (om-
pare formula 1.6):
(1.6) k−nBk1Xωn → 1X(dd
cφ)n + [∂X ] ∧ µ
weakly as measures on Y. The next theorem onerns the saling on-
vergene of the Bergman kernel Kk lose to the diagonal. It shows that
after saling Kk onverges to onstant urvature model kernels (at least
after hoosing a subsequene). The salings are expressed in terms of
the normal loal oordinates introdued in setion 4.1 and 4.3, respe-
tively. In the statement below the dependene on the xed enter (whih
is the point x in the interior and the point σ at the boundary) has been
suppressed.
Theorem 1.2. Let Kk be the Bergman kernel for the Hilbert spae
H(Y, Lk)X assoiated to the polarized pseudoonave domain X with om-
patible urvatures. Kk has a subsequene Kkj suh that for almost any
point x in the interior of X (i.e. x ∈ X − E, where E has measure
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zero) the following saling asymptotis hold in the C∞−topology on any
ompat subset of Cnz × C
n
z′ :
(i) k−nj K
kj (z/k
1/2
j ; z
′/k
1/2
j )→ K
0(z; z′),
where K0 is the orresponding model Bergman kernel (formula 4.6).
Moreover, for almost any xed point σ in the boundary ∂X (i.e. σ ∈
∂X − F, where F has measure zero in ∂X) the following saling asymp-
totis hold in the C∞−topology on any ompat subset of Cnz,w × C
n
z′,w′ :
(ii) k
−(n+1)
j K
kj (z/k
1/2
j , w/kj; z
′/k
1/2
j , w
′/kj)→ K
0(z, w; z′, w′),
where K0 is the orresponding model Bergman kernel (formula 4.15).
Furthermore, the same statement holds after replaing Kk with any sub-
sequene Kkl (a priori E and F then depend on the subsequene Kkl).
The model kernel K0 assoiated to a point in the boundary may be
expreesed by the following suggestive formula, where ρ0 denotes the (po-
larized) dening funtion of the orresponding onstant urvature model
domain:
K0 =
1
4π
1
π
det(ddcρ0)e
φ0P (
∂
∂ρ0
)
∂
∂ρ0
(
eTρ0 − 1
ρ0
),
where P is the harateristi polynomial of the linear operator {ddcφ}x{−dd
cρ}−1x .
This kernel should be ompared with the one obtained by Shiman-
Zeldith [32℄ in the one-dimensional unweighted ase refered to above
(the later kernel is essentially given by
ev−1
v
in speial oordinates). The
proofs in [32℄ relied on lassial results of Carleman onerning the or-
responding orthogonal polynomials and the exterior Riemann mapping
theorem. The orresponding unweighted higher-dimensional saling re-
sult in Cn was stated as an open problem in [18℄.
Bergman metri asymptotis (setion 6). Denote by Fk the interior sal-
ing maps on Cn, as well as the boundary ones, orresponding to the
saling of the oordinates in theorem 1.2 above. The following theorem
gives the onvergene of the kth Bergman metri on Y indued by the
polarized pseudoonave domain X (ompare setion 6 for denitions).
Theorem 1.3. Let Ωk be the Bergman metri on Y indued by the
polarized domain X with ompatible urvatures. Then the following
onvergene holds for the orresponding normalized volume form:
(Ωk/k)n → 1X(dd
cφ)n/n! + [∂X ] ∧ µ,
when k tends to innity, as measures in the weak*-topology, where µ is
the 2n− 1 form 1.5 on ∂X.
Moreover, the following saling asymptotis for the pth exterior power
of Ωk hold (after replaing Kk with a subsequene as in theorem 1.2)
around almost any interior point:
(i)F ∗k (Ωk)
p → (ddcφ)p
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(with uniform onvergene on eah ompat set) and around almost any
boundary point:
(ii)F ∗k (Ωk)
p → (ddcφ+ tddcρ+ dt ∧ dcρ)p
(with uniform onvergene on eah ompat set), where t is the following
funtion of ρ : t = ∂
∂ρ
lnB0(ρ) (see formula 4.13) so that t(−∞) = 0 and
t(∞) = T (where T is the slope funtion in formula 1.5).
Equilibrium measures (setion 7). Following the reent work [25℄ of Guedj-
Zeriahi (see also [16℄ for the weighted ase in Cn) let now X be any om-
pat set in X and φ the restrition to X of a ontinuous metri on L.
The orresponding equilibrium metri on L→ Y is dened by
(1.7) φe(y) = sup
{
φ˜(y) : φ˜ ∈ L(X,L), φ˜ ≤ φ onX
}
.
where L(X,L) is the lass onsisting of all (possibly singular) metris on L
with positive urvature urrent. Consider the regular ase when φe is in
L(X,L) (ompare setion 7.2). The Monge-Ampere measure (dd
cφe)
n/n!
is alled the equilibrium measure assoiated to (X, φ). It was reently
introdued in the more general global setting of quasiplurisubharmoni
funtions by Guedj-Zeriahi [25℄, building on the work of Bedford-Taylor,
Demailly and others. The item (i) in the following theorem implies that
if Y is any smooth domain then the normalized k th Bergman volume
form onverges to the orresponding equilibrium measure (see setion
7.3 for the denition of Bernstein-Markov measures et). In item (ii) the
optimal rate of onvergene (saturated by the model examples in setion
3 - see [4℄) is obtained in the ase when Y is strongly pseudoonave.
Theorem 1.4. Let X be a ompat set in Y and φ a ontinous metri
on an ample line bundle L→ Y.
(i) Let ωn be a volume form on Y. If 1Xωn has the Bernstein-Markov
property w.r.t (X, φ), then the following uniform onvergene holds on all
of Y :
(1.8) k−1lnKk(y, y)→ φe(y)
where Kk is the Bergman kernel assoiated to (X,ωn, φ). In partiular,
the equilibrium metri φe is ontinuous then, i.e. (X, φ) is regular then.
(ii) If furthermore X is assumed to be a pseudoonave domain with
smooth boundary and φ is smooth, then the rate of the onvergene in 1.8
is of the order (n + 1) ln k/k.
(iii) If ν is any xed measure whih has the Bernstein-Markov property
w.r.t (X, φ) and (X, φ) is regular, then the uniform onvergene 1.8 holds
for the Bergman kernel assoiated to (X, ν, φ).
Moreover, if L is only assumed to be a semi-positive line bundle, then
the following onvergene holds under any of the assumptions (i), (ii)
or (iii) above for the normalized volume form of the orresponding kth
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Bergman metri Ωk :
(1.9) (Ωk/k)
n → (ddcφe)
n
when k tends to innity, as measures in the weak*-topology.
The theorem above generalizes the result 1.4 of Shiman-Bloom, on-
erning the unweighted ase in Cn (as well as Theorem 2.1 in [14℄ on-
erning the weighted ase for X a ompat set in Cn). The proof is
similar to Demailly's ∂−proof of Siiak's fundamental onvergene result
for the L∞− version of the Bergman metris (ompare remark 7.4) in
the unweighted ase in Cn [22℄. See also [25℄ for the global polarized
ase of this L∞− version of the result. Also note that in the ase when
X = Y the onvergene towards the equilibrium measure was obtained
in [6℄ for any line bundle L (when suitably formulated). The proof of the
lower bound in the onvergene of the theorem above uses the Ohsawa-
Takegoshi extension theorem, whih allows a preise ontrole on the rate
of the onvergene.
In ase X is a polarized pseudoonave domain that satises the as-
sumption about ompatible urvatures (setion 2.2) the equilibrium mea-
sure an now be omputed expliitly using theorem 1.3 (without assuming
that L is ample):
Corollary 1.5. Let X be a polarized pseudoonave domain with ompat-
ible urvatures (setion 2.1). Then the (generalized) equilibriummeasure
(ddcφe)
n/n! of the polarized domain X is given by
(ddcφe)/n! = 1X(dd
cφ)n/n! + [∂X ] ∧ µ,
where µ is the 2n− 1 form 1.5 on ∂X.
1.2. Relations to random setions and Toeplitz operators. In a
sequel [7℄ to his paper the present results will be applied to the study of
various random measure proesses. The starting point is that any Hilbert
spaeHk (hereH(Y, L
k)X) omes equipped with a natural Gaussian prob-
ability measure. As shown by Shiman-Zeldith the Berfman measure
k−nBkωn (formula 1.6) then represents the expeted mass distribution
E(|fk|
2 ωn) of a random setion fk in Hk and the Bergman volume form
(ddc(lnKk(z, z)))n/n! represents the expexted distribution of simultane-
ous zeroes of n random setions in Hk. Moreover, the variane of the
mass distribution an to the leader order be expressed in terms of the
eigenvalue distribution of Toeplitz operators ating onHk (ompare [31℄),
whih in turn may be obtained from the weak onvergene of the mea-
sure k−n
∣∣Kk(x, y)∣∣2
kφ
ωn(x) ∧ ωn(y). Furthermore, the saling properties
of the Bergman kernel Kk(x, y) are used to express the limit orrelations
between random zeroes (ompare [11, 12℄). In [7℄ the non-loal eets
appearing when the ondition about ompatible urvatures does not
hold will also be investigated and related to the situation studied in [6℄,
as well as the Hele-Shaw ow in interfae dynamis (also alled Laplaian
growth) [37℄.
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2. Setup
2.1. Notation. Let L be an Hermitian holomorphi line bundle over
a omplex manifold Y . The Hermitian ber metri on L will be de-
noted by φ. In pratie, φ is onsidered as a olletion of loal funtions.
Namely, let s be a loal holomorphi trivializing setion of L, then loally,
|s(z)|2φ = e
−φ(z). If αk is a holomorphi setion with values in L
k, then it
may be loally written as αk = fks
⊗k, where fk is a loal holomorphi
funtion and the point-wise norm of αk may be written as
(2.1) |αk|
2
kφ = |fk|
2 e−kφ(z).
The anonial urvature two-form of L an be globally expressed as ∂∂φ
and the normalized urvature form i∂∂φ/2π = ddcφ (where dc := i(−∂+
∂)/4π) represents the rst Chern lass c1(L) of L in the seond real de
Rham ohomology group ofX [23℄. A line bundle will be said to be (semi-
) positive if there is some smooth metri φ on L with (semi-) positive
urvature form (i.e. the matrix ( ∂
2φ
∂zi∂z¯j
) is (semi-) positive).
Let X be a smooth stritly pseudoonave domain in Y. This means
that there is a dening funtion ρ (i.e. X = {ρ ≤ 0} and dρ 6= 0 on ∂X)
suh that the restrition of the Levi urvature form ∂∂ρ to the maximal
omplex subbundle T 1,0(∂X)x of the real tangentbundle of ∂X is negative
(i.e. the Levi urvature of ∂X is negative). The degenerate ase X = Y
is allowed in the previous denition ofX and orresponds to the situation
studied in [31, 11, 12℄ (when ddcφ is stritly positive).
We will assume that Y is a projetive manifold with a semi-positive
line bundle L (whih is positive at some point in Y ). In ase the urvature
is positive on all of Y, the pair (Y, L) it usually alled a polarized manifold
in the literature. Fix a (possibly singular) Hermitian metri φ on L over
Y whose urvature is a positive urrent [21℄.1 The domain X in Y will
be alled a polarized domain if the metri φ on L is smooth on X and it
will be alled a polarized domain with ompatible urvatures if any of the
assumptions in setion 2.2 below are satised.
2
Fixing an Hermitian metri two-form ω on X (with assoiated volume
form ωn) the Hilbert spae H(Y, L
k)X is dened as the spae H
0(Y, Lk)
with the norm obtained by restrition of the global norm on [23℄ to X :
(2.2) ‖αk‖
2
kφ := ‖αk‖
2
kφX (=
∫
X
|fk|
2 e−kφ(z)ωn),
using a suggestive notation in the last equality (ompare formula 2.1). If
η is a form we will write ηp := η
p/p!, so that the volume form on X may
be written as ωn. The indued volume form on ∂X will be denoted by dσ.
If Z is a submanifold, then [Z] will denote the orresponding urrent, i.e.
1
the somewhat onfusing terminology of positive urrents atually means that ddcφ
is allowed to be a semi-positive form on the set where φ is smooth.
2
Sine a polarization usually refers to a positive line bundle L, the term semi-
polarized would perhaps be more appropriate.
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([Z], η) :=
∫
Z
η for any test form η. Moreover, given a real (1, 1)−form η
on Y we will denote by {η}y the orresponding (using the metri form ω)
Hermitian linear operator on T 1,0(Y )y (or on some speied subbundle).
2.2. Assumptions for ompatible urvatures. At least one of the
following three assumptions are assumed to be satised for X to be a
polarized domain with ompatible urvatures (ompare [5℄). The assump-
tions all have in ommon the ondition that the slope funtion (see for-
mula 1.5) is onstant:
(2.3) T ≡ C on ∂X,
for some hoie of the dening funtion ρ of ∂X.
Assumption 1. The dening funtion −ρ of the pseudoonvex manifold
Y − X may be hosen to be smooth with dρ 6= 0 and ddc(−ρ) > 0
in (Y − X) − Z, where Z is either a point or an irreduible divisor in
Y − X.3 Moreover, on any regular sublevelset of ρ the slope funtion T
in 1.5 (dened by replaing ∂X with the sublevelset of ρ) is onstant, i.e.
(2.4) T is a funtion of ρ.
If Z is a point it is assumed that ddc(−ρ) > 0 on all of Y −X. If Z is an
irreduible divisor it is assumed that T is bounded from above on Y −X,
that
(2.5)
∫
Z
c1(L)
n−1 = 0.
and that
(2.6) ddc(−ρ) = [Z] + β,
in the sense of urrents on Y − X, where β is a semi-positive smooth
form.
Assumption 2. Suppose that n ≥ 2 (the dimension of X) and that L is
holomorphially trivial on Y −X. Then the ber metri φ on L may be
identied with a funtion on Y −X and it as assumed that
φ = −ρ
on Y −X. In this ase the form µ in formula 1.5 is simply given by
µ = (ddcφ)n−1 ∧ d
cφ/n.
Assumption 3. Suppose that n ≥ 3, that Y −X is a Stein manifold and
that
(2.7) ddcφ = −fddcρ
along the holomorphi tangentbundle of ∂X for some non-negative fun-
tion f on ∂X .
3
i.e. a (possibly singular) onneted ompat losed omplex submanifold of odi-
mension one in Y −X. Then the integration urrent [Z] is well-dened. [23℄
10 ROBERT BERMAN
2.3. General properties of Bergman kernels. Let (ψi) be an or-
thonormal base for a given Hilbert spae struture on the spaeH0(Y, Lk),
whih in this paper always will be the Hilbert spae Hk(Y, L
k)X . The
Bergman kernel of the Hilbert spae H0(Y, L) is dened by
Kk(x, y) =
∑
i
ψi(x)⊗ ψi(y).
Hene, Kk(x, y) is a setion of the pulled bak line bundle Lk ⊠ L
k
over
Y × Y. For a xed point y we identify Kky (x) := K
k(x, y) with a setion
of the hermitian line bundle Lk ⊗ Lky , where Ly denotes the line bundle
over Y, whose onstant ber is the ber of L over y, with the indued
metri. The denition of Kk is made so that Kk satises the following
reproduing property
(2.8) α(y) = (α,Kky )kφ
4
for any element α ofH0(Y, Lk), whih also shows thatKk is well-dened.
In other words Kk is the integral kernel of the orthogonal projetion onto
H0(Y k, L) in L2(Y, Lk). The restrition of Kk to the diagonal is a setion
of Lk ⊗ L
k
and we let Bk(x) =
∣∣Kk(x, x)∣∣
kφ
(=
∣∣Kk(x, x)∣∣ e−kφ(x)) be its
point wise norm:
Bk(x) =
∑
i
|ψi(x)|
2
kφ .
We will refer toBk(x) andBk1Xωn as the Bergman funtion and Bergman
measure of H0(Y, Lk). Note that the Bergman measure only depends on
the restrition of the metri φ to the domain X. The following extremal
property holds:
(2.9) Bk(x) = sup |αk(x)|
2
kφ ,
where the supremum is taken over all L2−normalized elements αk of
H0(Y, Lk). An element realizing the extremum, is alled an extremal at
the point x and is determined up to a omplex onstant of unit norm.
Given suh an extremal α the following basi relation holds [3℄:
(2.10)
∣∣Kk(x, y)∣∣2
kφ
= |αk(y)|
2
kφB
k(x)
3. Examples and ounter examples
In this setion we will onsider various lasses of polarized pseudoon-
ave domains. Some  ounter examples will also be presented, showing
that the main results in this artile may not hold if the assumptions in
setion 2.2 are relaxed.
4
We are abusing notation here: the salar produt (·, ·)kφ on H
0(Y, Lk) determines
a pairing of Kky with any element of H
0(Y, Lk), yielding an element of Lky.
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3.1. Domains in projetive spae and polynomials in Cn. Let Y be
the n−dimensional projetive spae Pn and let L be the hyperplane line
bundleO(1). ThenH0(Y, Lk) is the spae of homogeneous polynomials in
n+1 homogeneous oordinates Z0, Z1, ..Zn [23℄. The Fubini-Study metri
φFS on O(1) may be suggestively written as φFS(Z) = ln(|Z|
2) and the
Fubini-Study metri ωFS on P
n
is the normalized urvature form ddcφFS,
whih is hene invariant under the standard ation of SU(n + 1) on Pn.
We may identify Cn with the ane piee Pn − H∞ where H∞ is the
hyperplane at innity in Cn (dened as the set where Z0 = 0). In terms
of the standard trivialization of O(1) over Cn, the spae H0(Y, Lk) may
be identied with the spae of polynomials pk(ζ) in C
n
ζ of total degree at
most k and the ber metri φmay be identied with a (plurisubharmoni)
funtion in Cn.
The basi example of a pseudoonave domain X is obtained as the
omplement in Pn of the unit-ball in Cn (i.e. we may take ρ = − |ζ |2+1 in
a neighbourhood of ∂X). The norm 2.2 on the Hilbert spae Hk(Y, L
k)X
may in this ase be expressed as
‖pk‖
2
kφ :=
∫
|z|>1
|pk(ζ)|
2 e−kφ(ζ)(ωFS)n
Example 3.1. The anonial Fubini-Study metri on O(1) orresponds
to the hoie φ(ζ) = ln(1 + |ζ |2). In this ase the (normalized) urvature
of L is the Fubini-Study metri on Pn and the form µ in formula 1.5 is a
multiple of the standard volume form on the 2n− 1−sphere.
Next, we will onsider the basi example when φ has a singularity in
Y −X.
Example 3.2. Let φ(ζ) = ln(|ζ |2). Then φ is smooth outside the origin.
In partiular it is smooth on X. Note that the nth exterior power of
the urvature of φ vanishes outside the origin (i.e. the omplex Monge-
Ampere of φ vanishes there). Again, the form µ is a multiple of the
standard volume form on the 2n− 1−sphere.
In the following setion generalizations of the ase when X is the om-
plement of the unit-ball are onsidered (ompare remark 3.5).
3.2. Dis bundles. Let Z+ be a losed ompat omplex manifold of
dimension n − 1 and let (F, φF ) and (G, φG) be Hermitian holomorphi
line bundle over Z+ with positive urvature. Then X is dened as the
pseudoonave domain obtained as the unit disbundle in the total spae
of F and Y as the P1−bundle over Z obtained by berwise adding the
point at innity to F, i.e. by adding a divisor Z− at innity.
5
Hene,
loally
X = {h = |w|2 exp(−φF (z)) ≤ 1}
5
i.e. Y is the ber-wise projetivization of the bundle F ⊕C, where C is the trivial
line bundle over Z+. The oordinate along C determines a setion of OP(F⊕C)(1) whose
zero-set is Z−.
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(where z is a oordinate along Z and w is a oordinate along the bers
of F ). We will assume that the slope between ddcφG and dd
cφF :
(3.1) S = sup {t ≥ 0 : (ddcφG − tdd
cφF )z ≥ 0} ≡ S0 ∈ Z,
i.e. that S above is independent of the point z in Z and that S ∈ Z. The
line bundle L over Y is now dened as
L := πF (G)⊗ [Z−]
S0
where [Z−] now denotes the line bundle over Y orresponding to the
divisor Z−(do that c1([Z−]) is represented by the urrent [Z−], using the
notation introdued in setion 2) Hene, L is isomorphi to π∗F (G) over
the domain X. As will be seen below L satises the assumption 2.5 (with
Z = Z−). Moreover, the dening funtion ρ := ln h for the boundary of
X satises the assumption 2.6 (with β = ddcφF ). Let us now onsider
two dierent metris on L :
Example 3.3. Let φL(z, w) := π
∗
GφG+ ln(1+ e
Sρ) on Y −Z− (smoothly
extended as a metri on L over a neighbourhood of Z−). Then φL has
positive urvature on X − Z− and (dd
cφG)
n−1 = 0 on Z− preisely when
assumption 3.1 holds. Indeed, a diret alulation (ompare the proof of
lemma 6.1) gives
ddcφL = π
∗
F (dd
cφG − s(ρ)dd
cφF ) + dt ∧ π
∗
Fd
cρ,
where s(ρ) = ∂
∂ρ
ln(1 + eSρ) is stritly inreasing, mapping [−∞,∞] to
[0, S]. Note that the slope funtion T (see formula 1.5) beomes a funtion
of ρ : T (ρ) = S− s(ρ) in this ase. Hene, all assumptions in 1 in setion
2.2 are satised and (X, φL) is thus a polarized domain with ompatible
urvatures in (Y, L).
The following example may be obtained as a limit of variants of the
previous one:
Example 3.4. Let φL(z, w) := π
∗
FφG(z) on X. Then φL extends to a
singular metri on L over Y with positive urvature (in the sense of
urrents) by setting φL(z, w) := φG(z) + ρ on Y −X. Indeed, φL may be
obtained as the limit
φL(z, w) := lim
k→∞
(π∗GφG + k
−1 ln(1 + eSkρ))
Note that in this example S = T.
Remark 3.5. Setting Z+ = P
n−1
and F = G = O(1) gives the ase
onsidered in the previous setion, i.e. when X is the omplement of
the unit-ball in Pn. Indeed, the base Z+ of the bration above may be
identied with the hyperplane at innity in Cn and the bers orrespond
to lines through the origin in Cn. Moreover, Y orresponds to the blow-
up P˜n at the origin of Pn. A loal isomorphism between Y and P˜n is
obtained by setting w = ζ−1n and z = (ζ1/ζn, ..., ζn−1/ζn). Also note
that Z− orresponds to the exeptional divisor E over the origin and
L ≈ π∗OPn(1), where π is the blow-down map from P˜n to P
n. Hene, the
BERGMAN KERNELS AND EQUILIBRIUM MEASURES FOR POLARIZED PSEUDOCONCAVE DOMAINS13
spae H0(Y, Lk)may be identied withH0(Pn,OPn(1)
k) in this partiular
ase.
3.3. Counter examples.
3.3.1. Constant vs. non-onstant slope T . Now assume that the base Z+
is a produt of omplex urves: Z+ = Z1 × Z2, dimZi = 1. All other
objets are assumed to deompose aordingly: F = F1 ⊗ F2 et. Then
the urvature form ddcφF may be identied with a pair of funtions (the
eigenvalues of ddcφF ) : (λF1(z1), λF2(z2)) and similarly for dd
cφG. For
onreteness, onsider the ase when
ddcφG ↔ (2, 2), dd
cφF ↔ (1 + ǫ1(z1), 2 + ǫ2(z2)),
where |ǫ1(z1)| < 1, |ǫ2(z2)| < 2 and the integral of ǫi(zi) over Zi vanishes.
Hene, (λF1(z1), λF2(z2)) orresponds to a deformation (with positive ur-
vature) of a metri on F with onstant urvature. Now, if ǫ1 ≡ 0, then
the slope funtion T (z) is learly onstant (= 1), as long as |ǫ2(z2)| ≤ 1.
This means that the orresponding dis bundle X with the hermitian
line bundle L dened as in example 3.4 is hene a polarized domain with
ompatible urvatures (sine it satises the assumption 1 in setion 2.2).
But if ǫ1 6= 0 somewhere and if ǫ2(z2) ≤ ǫ1(z1)+1, then a short alulation
gives
T (z) = 2/(1 + ǫ1(z1))
and T is hene non-onstant. In fat, it an be shown that the main
results of this paper hold if and only if T (z) is onstant in these examples
(and ertain more general examples) [7℄, whih makes the assumption
2.3 quite natural.
Finally, onsider the ase when Z+ is a omplex urve, so that X is a
domain in a omplex surfae (i.e. n = 2). Then T (z) = ddcφG(z)/dd
cφF (z).
Now suppose that Z+ = P
1
and F = G = O(1) with φG(z) = ln(1+ |z|
2)
and φF (z) = ln(a + |z|
2) (ompare remark 3.5). Then X orresponds to
the exterior of the ellipse {(ζ1, ζ2) : |ζ1|
2 + a |ζ2|
2 = 1} in C2. Hene,
T (z) is onstant preisely when a = 1, i.e. when X is the exterior of the
unit-ball in C2. This example also shows the need to assume that n > 2
in assumption 3 in setion 2.2. Indeed, when n = 2 the assumption 2.7
always holds. Similarly, the example also shows the need to assume ex-
tension properties of ρ and (L, φ), as in the assumptions 1 and 2 (at least
when n = 2), sine 2.3 always holds when n = 2 (for a suitable hoie of
ρ).
3.3.2. Vanishing vs. non-vanishing of c(L)n−1 · [Z]. The following ex-
ample illustrates the need for the ondition 2.5 in the assumption 1 in
setion 2.2. Consider the situation in remark 3.5, but replae L with
the line bundle L = π∗OPn(2) ⊗ [E]
−1, Then L is a positive line bundle
and satises all the assumptions in 1 in setion 2.2, exept 2.5. Indeed,
L orresponds to πF (G) ⊗ [Z−]
S0−1
in setion (with G = OPn−1(2) and
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F = OPn−1(1)). However, the assumption 2.5 fails, sine
c(L)n−1 · [E] = 0 + 0 + ...+ 0 + [E]n 6= 0
Note that L has a natural singular metri with urvature form π∗c(O(2))+
E, where c(O(2)) denotes the urvature form of a xed smooth hermitian
metri on O(2) with positive urvature, so that L is isomorphi to O(2)
over X (as Hermitian holomorphi line bundles). Moreover, there is a
strit inlusion
(3.2) H0(P˜n, Lk) →֒ H0(P˜n, π∗OP2(2)
k),
where the image is the subspae in H0(P˜n, π∗OP2(2)
k) of all setions
vanishing along E to order k (i.e. the image may be identied with the
subspae of all polynomials in Cn of total degree m, where k < m ≤ 2k).
It follows that the main results of this paper do not apply to (P˜n, L),
sine they imply that formula 4.1 holds, where the left hand side in
the formula only depends on the restrition of the urvature of L to X.
Indeed, the formula hold does hold for (P˜n, π∗OP2(2)), sine it satises
all the assumptions in 1. Hene, by 3.2 it annot hold for (P˜n, L).
4. Morse (in)equalities and model Bergman kernels
In this setion we will mainly reall some point-wise estimates for the
Bergman funtions of the spaeHk(Y, L
k)X obtained in [2, 4℄. Suh point-
wise estimates were referred to as loal holomorphi Morse inequalities
in [2℄ in the more general ontext of harmoni (0, q)−form with values in
Lk.6 After integration the latter estimates yield bounds for the asymp-
toti growth of the Dolbeault ohomology groups with values in Lk. The
latter bounds were rst obtained by Demailly [20℄ in the ontext of losed
manifolds, who alled them holomorphi Morse inequalities in analogy
with the lassial ase of Morse inequalities for the De Rham ohomology
groups of a real manifold (ompare Witten's approah in [36℄).
4.1. Morse inequalities in the interior region. For a xed k the
interior region is dened by the inequality ρ ≤ −1/ ln k.7 In [4℄ it was
shown that the Bergman funtion Bk(x) may be estimated in terms of
model Bergman funtions. The model Bergman funtion B0 assoiated
to an interior point x is obtained by replaing the manifold X with
Cn and the line bundle L with the onstant urvature line bundle over
Cn obtained by freezing the urvature of L at the point x. Sine Cn
6
The ase of holomorphi setions is onsiderably more elementary than the general
ase. The main dierene is that there is no need for a speial sequene of metris on
X as in [4℄ and that subellipti estimates may be replaed by the submean property
of holomorphi funtions.
7
in the following ln k ould be replaed with any sequene Rk tending to innity
at the order O(kǫ) where ǫ is a suiently small positive number. Note that in [4℄
Rk = R and the limit when rst k and then R tend to innity was onsidered. In this
paper a slightly more preise ontrol in the boundary region (see the appendix) will
allow us to let R depend on k, hene simplifying the notation a bit.
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is non-ompat all setions are assumed to have nite L2−norm. More
onretely, one may always arrange so that loally around the xed point
x,
(4.1) φ(z) =
n∑
i=1
λi |zi|
2 + ..., ω(z) =
i
2
n∑
i=1
dzi ∧ dzi + ....
where the dots indiate lower order terms and the leading terms are alled
model metris. Hene, the orresponding model L2−norm on Cn is given
by
(4.2)
∫
Cn
|α(z)|2 e−
Pn
i=1 λi|zi|
2
,
integrating with respet to the Eulidean measure on Cn.
Denote by Fk the holomorphi saling map
Fk(z) = (z/k
1/2)
and let α(k)(z) := (F ∗kαk)(z). By the proof of theorem 1.1. in [2℄ (see also
[3℄ for a simple argument based on the submean property of holomorphi
funtions) the following point-wise bound holds in the interior region:
(4.3) lim sup
k
k−n
∣∣α(k)(z)∣∣2
kφ
/ ‖αk‖
2
kφFk(Dln k)
≤ B0(0),
where Dlnk denotes a polydis of radius ln k. In partiular, by the ex-
tremal property 2.9 of Bk(x) :
(4.4) lim sup
k
k−nB(k)(z) ≤ B0(0)
Moreover, the model Bergman funtion is expliitly given by
(4.5) B0ωn = (dd
cφ)n
Hene, the full model Bergman kernel is given by
(4.6) K0 = det(ddcφ0)e
φ0,
using the suggestive notation φ0 = φ0(z, z
′) =
∑n
i=1 λiziz
′
i.
4.2. Morse inequalities in the middle region. The middle region
is dened by the inequalities −1/ ln k ≤ ρ ≤ − ln k/k. As shown in [4℄
(setion 5.2)
(4.7) lim
k
∫
−1/ lnk≤ρ≤− ln k/k.
k−nBkωn = 0
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4.3. Morse inequalities in the boundary region. The boundary re-
gion is dened by the inequalities − ln k/k ≤ ρ ≤ 0 and is dieomorphi
to the produt ∂X × [− ln k/k, 0]. Fix a point σ in ∂X and take loal
holomorphi oordinates (z, w), where z is in Cn−1 and w = u+ iv. By an
appropriate hoie we may assume that the oordinates are orthonormal
at 0 and that
(4.8) ρ(z, w) = v +
n−1∑
i=1
µi |zi|
2 +O(|(z, w)|3) =: ρ0(z, w) +O(|(z, w)|
3).
In a suitable loal holomorphi trivialization of L lose to the boundary
point σ, the ber metri may be written as
φ(z, w) =
n−1∑
i,j=1
λijzizj +O(|w|)O(|z|) +O(|w|
2) +O(|(z, w)|3),
where the leading terms are alled the model ber metri and denoted by
φ0. The model Bergman funtionB
0
and kernelK0 assoiated to the xed
point σ are the ones obtained from the Hilbert spae of all holomorphi
funtions α on the model domain X0 (with dening funtion ρ0) whih
are square integrable with respet to the model norm∫
X0
|α(z, w)|2 e−φ0(z),
integrating with respet to the Eulidean measure on Cnz,w.
Denote by Fk the holomorphi saling map
(4.9) Fk(z, w) = (z/k
1/2, w/k),
so that
Xk = Fk(Dln k)
⋂
X
is a sequene of dereasing neighborhoods of the boundary point σ, where
Dlnk denotes the polydis of radius ln k in C
n. Note that
(4.10) F−1k (Xk)→ X0,
in a suitable sense. On F−1k (Xk) we have the saled ber metri F
∗
k kφ
that tends to the model metri φ0 on the model domainX0, when k tends
to innity.
It follows from the proof of proposition 5.5 in [4℄ that
(4.11) lim sup
k
k−(n+1)
∣∣α(k)(z, w)∣∣2
kφ
/ ‖αk‖
2
kφXk
≤ B0(z, w),
where the estimate is uniform on F−1k (Xk). Moreover, the left hand side
above is uniformly bounded by a onstant on any polydis of xed radius
in Cn (even without interseting with X) and on X0 dominated by an
L1−funtion on half-rays (see the appendix). In partiular,
(4.12) (i) lim supk k
−(n+1)B(k)(z, w) ≤ B0(z, w)
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The model Bergman funtion at the xed point σ in ∂X is given by
(4.13) BX0(z, w)ωn =
∫ T
0
etρ0(z,w)t(ddcφ0 + tdd
cρ0)n−1 ∧ d
cρ0)dt,
where T is the slope funtion in formula 1.5. In partiular, performing
the ber-integral (i.e the push forward) over ρ gives
(4.14)
∫ 0
ρ=−∞
B0ωn = µ,
where µ as the 2n− 1 form dened by formula 1.5. Similarly, the orre-
sponding model Bergman kernel is given by the following integral formula
(4.15) K0 =
1
4π
1
π
∫ T
0
etρ0+φ0tdet(ddcφ0 + tdd
cρ0)dt,
using a suggestive notation as in formula 4.6 above. Equivalently, we
have the suggestive formula
K0 =
1
4π
1
π
det(ddcρ0)e
φ0P (
∂
∂ρ0
)
∂
∂ρ0
(
eTρ0 − 1
ρ0
),
where P is the harateristi polynomial of the operator {ddcφ}{−ddcρ}−1
where the operators at on T 1,0(∂X)xand (P (
∂
∂ρ0
) denotes the orre-
sponding dierential operator with onstant oeients). Note that T is
the minimal eigenvalue of {ddcφ}{−ddcρ}−1.
4.4. Morse equalities. Integrating the Bergman funtion Bk over X
gives, using the point-wise bounds in the dierent regions the following
Morse inequalities for any line bundle L over X (ompare [4℄)
dimHk(Y )X ≤ k
n(
∫
X
(ddcφ)n +
∫
∂X
µ) + o(kn),
where the form µ is given by formula 1.5.
In the ase when X is a polarized pseudoonave domain (setion 2.1)
the previous inequality beomes an equality:
Proposition 4.1. Consider the Hilbert spae Hk(Y, L
k)X assoiated to
the polarized pseudoonave domain X. Then
(4.16) lim
k
k−ndimHk(Y )X = (
∫
X
(ddcφ)n +
∫
∂X
µ)
Proof. The assumption 1 holds: If the extension of the xed ber metri
φ to Y (that will also be denoted by φ in the sequel) is smooth, then the
equality in 4.16 was obtained in [4℄ (setion 7.1), but stated inorretly
there without any assumptions on the slope funtion T in formula 1.5).
We will next repeat the argument in 4.16 and point out the orretions
appearing in [5℄. First, sine L is a semi-positive line bundle the left
hand side above is given by, using for example Demailly's strong Morse
inequalities [20℄: ∫
Y
c1(L)n =
∫
X
c1(L)n +
∫
Y−X
c1(L)n.
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Next, Stokes theorem is used to show that the integral over Y −X oin-
ides with the boundary integral in 4.16 (also using that ddcφ is a smooth
semi-positive form representing c1(L)) (proposition 0.1 in [5℄). Note that
we may even assume that ddcφ is stritly positive by adding ω/m to
ddcφ, where ω is the urvature form of any xed positive line bundle A
on X and in the end letting the positive number m tend to zero in the
integrals.
The ase when the extension φ is singular may be redued to the
smooth ase. Indeed, for a xed m the positivity of Lm ⊗ A allows us
to nd a sequene Φj of smooth metris on L
m ⊗ A with semi-positive
urvature dereasing to Φ, where ddcΦ = mddcφ + ω (using the regular-
ization results of Demailly - see the appendix in [25℄ for a diret proof).
This gives the Morse equality 4.16 with φ replaed by Φj . Finally, let-
ting rst j and then m tend to innity then proves the proposition in
the singular ase, sine the operator that maps φ to (ddcφ)p is ontin-
uous when applied to a loally bounded dereasing sequene of smooth
plurisubharmoni funtions, as rst shown by Bedford-Taylor (see [26℄).
The assumption 2 holds: in this ase proposition 0.1 in [5℄ may be
replaed by a diret appliation of Stokes theorem (ompare [4℄, setion
7.1).
The assumption 3 holds: under the assumption 2.7 the strong Morse
inequalities obtained in [4℄ give 4.16 with dimHk(Y )X(= H
0(Y, Lk)) re-
plaed by H0(X,Lk). But if Y −X is a Stein manifold a standard exten-
sion argument then shows that H0(X,Lk) = H0(Y, Lk), using that the
Dolbeault ohomology group H0,1cpt(M,F ) for ompatly supported forms
is trivial for any line bundle F on a Stein manifold M of dimension at
least three (setting M = Y −X and F = Lk).[21℄ 
The following simple generalization of lemma 2.2 in [3℄ will be used to
onvert the Morse equalities from the previous proposition to equalities
for the saled Bergman funtions and kernels.
Lemma 4.2. Assume that (M, ν) is a manifold with a smooth volume
form ν and V an open subset of M. For eah xed parameter u dened
in a bounded set U of Eulidean RN let Φk,u be a dieomorphism from
V onto Φk,u(V ) suh that the Jaobian of Φk,u onverges uniformly to
1, when k tends to innity. Let f and fk be funtions in L
1(V, ν) with
ompat support in V and suh that suppfk ⊂ Φk,u(V ) and suh that the
sequene fk is dominated by a funtion in L
1(V, ν). Moreover, assume
that
(i) lim
k
∫
V
fkdν =
∫
V
fdν and (ii) lim sup fk(Φk,u(x)) ≤ f(x),
for almost all x in V. Then Φ∗kfk tends to f in L
1((V, ν) × U). In par-
tiular, there is a subsequene Φ∗kjfkjsuh that fkj (Φkj ,u(x)) onverges to
f(x) for almost all pairs (x, u) in V × U.
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Proof. When Φk,u is the identity map (and V = M) the lemma was
essentially obtained in [3℄. But for ompleteness we reall the argument:
By the assumption (i)
lim sup
k
∫
V
|fk − f | dν = 2 lim sup
k
∫
V
χ+,k(fk − f)dν,
where χ+,k is the harateristi funtion of the set where fk − f is non-
negative. The right hand side an be estimated by Fatou's lemma, whih
(by the dominated onvergene theorem) is equivalent to the inequality
lim sup
k
∫
X
gkdν ≤
∫
X
lim sup
k
gkdν,
if the sequene gk is dominated by an L
1−funtion. Taking gk = χk(fk−
f) and using the assumption (ii), nishes the proof of this speial ase.
Now, for a general map Φk,u let hk be the funtion on U × V dened
by
hk(u, x) := (Φ
∗
k,ufk)(x).
The assumption on the Jaobian of Φk,u ombined with the assumption
(i) shows (by the hange of variables formula) that (i) also holds for hk
on U × V. Indeed,∫
V
hkdν =
∫
V
Φ∗k,u(fkΦ
−1∗
k,u dν) =
∫
Φk,u(V )
fkΦ
−1∗
k,u dν
and by assumption Φk,u(V ) ∩ suppfk = V ∩ suppfk and Φ
−1∗
k,u dν → dν
uniformly, giving
lim
k
∫
V
hkdν = lim
k
∫
V
fkdν = lim
∫
V
fdν
In partiular, by Fubini's theorem, the orresponding equality holds over
U ×V too. Moreover, by assumption hk is L
1−dominated. We may now
apply the speial ase when Φk,u is the identity map to the sequene hk
on U × V and obtain that hk tends to f for almost all pairs (x, u). 
In setion 6, we will also have use for the following
Lemma 4.3. Assume that (M, ν) is a measure spae. Let f and fk be
non-negative funtions in L1(M, ν) suh that
(i) lim
k
∫
M
fkdν =
∫
M
fdν and (ii) lim inf fk(x) ≥ f(x) a.e
Then fk tends to f in L
1(M, ν). In partiular, there is a subsequene
fkjsuh that fkj (x) onverges to f(x) for almost all x.
Proof. Reversing the roles of fk and f in the beginning of the proof of
the previous lemma, the assumption (i) gives
lim sup
k
∫
X
|fk − f | dν = 2 lim sup
k
∫
X
χ−,k(f − fk)dν,
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where now χ−,k is the set where fk < f. Let hk := χ−,k(f − fk) and note
that by assumption (ii) we have that
lim sup
k
hk = 0
and hk is, by its denition, dominated by the L
1−funtion f. Hene,
Fatou's lemma again nishes the proof of the lemma. 
5. Bergman kernel asymptotis
5.1. Convergene as a urrent.
Theorem 5.1. Let Bk be the Bergman funtion for the Hilbert spae
Hk(Y, , L
k)X assoiated to the polarized pseudoonave domainX (setion
2.1). Then
k−nBk1Xωn → 1X(dd
cφ)n + [∂X ] ∧ µ
as measures on Y in the weak*-topology, where µ is the 2n− 1 form 1.5
on ∂X.
Proof. For simpliity we will assume that the restrition of ρ to the ray
lose to the boundary where z and the real part of w vanish, oinides
with the restrition of v (the assumption may be removed as in the proof
of proposition 5.5 in [4℄). Let BkX(x) := k
−nBk(x) when x is in the
interior region, i.e. ρ(x) ≤ −1/ ln k and 0 otherwise and let
(5.1) Bk∂X(σ) = k
−n
∫ 0
− ln k/k
Bk(σ, ρ)dρ
By formula 4.7
lim
k
k−nBkωn = lim
k
BkXωn + [∂X ] ∧ (lim
k
Bk∂X(σ))dσ
as urrents. In partiular, proposition 4.1 gives
lim
k
∫
X
BkXωn + lim
k
∫
∂X
Bk∂X(σ)dσ =
∫
X
(ddcφ)n +
∫
∂X
µ.
Hene, the inequalities 5.7 and 4.12 show that the rst and seond term
on the left hand side in the previous formula is equal to the rst term and
the seond term, respetively, in the right hands side. Finally, lemma 4.2
applied to the spaes X and ∂X gives
(5.2)
(i) limk B
k
X,Rωn = (dd
cφ)n a.e onX
(ii) (limk B
k
∂X(σ)dσ) = µ a.e on ∂X.
This proves the proposition. 
Now we an prove the onvergene as a urrent of the whole Bergman
kernel, stated as theorem 1.1 in the introdution.
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Proof of theorem 1.1. First observe that
(5.3)
lim
k
k−n
∫
X×X
f(x, y)
∣∣Kk(x, y)∣∣2
kφ
ωn(x) ∧ ωn(y) = lim
k
I1,k + lim
k
I2,k,
where I1,k and I2,k are the integrals obtained by restriting the integration
to the set of all (x, y) suh that ρ(x), ρ(y) ≤ −1/ ln k and ρ(x), ρ(y) ≥
− ln k/k1, respetively. Indeed, if Ak denotes the middle region, i.e. the
set of all x suh that −1/ ln k ≤ ρ(x) ≤ − ln k/k, the absolute value of
the dierene between the integrals in left hand side and the right hand
side in 5.3 may be estimated by
C
∫
Ak
(
∫
X
∣∣Kk(x, y)∣∣2
kφ
ωn(y))ωn(x) ≤ C
∫
Ak
Bk(x)ωn(x)
using the reproduing property 2.8 of Kkx(y) applied to αk = K
k
x(y) in
the last step. By 4.7 the latter integral tends to zero, when k tends to
innity.
Proof. Sine the proof that
(5.4) lim
k
I1,k = (
∫
X
f(x, x)(ddcφ)n
is ompletely analogous to the ase when X is losed (theorem 2.4 in [3℄),
we will just sketh it here. Take a sequene of setions αk, where αk is
a normalized extremal at the interior point x. Combining the inequality
4.4 with the equality (i) in formula 5.2 shows that, unless x lies in a set
of measure zero, there is a subsequene of αk suh that
(5.5) lim
k
‖αk‖
2
kφ,Fk(Dln k)
= 1,
restriting the norms to Fk(Dln k), the polydis of radius ln k/k entered
at x. Using the identity 2.10 the integral over y in I1,k,R (for a xed point
x) equals
k−nBk(x)
∫
ρ(y)≤−1/ ln k
f(x, y) |αk(y)|
2
kφ ωn(y).
Sine by 5.5 the funtion |αk(y)|
2
kφ onverges to the Dira measure at x
in the weak*-topology, formula 5.5 then proves 5.4.
Similarly to prove
(5.6) lim
k
I2,k = (
∫
∂X
f(x, x)µ
rst note that in the limit f may learly be replaed by its restrition
to (∂X)2. Replae x in the previous argument with xk = (σx, v/k) and
observe that
(5.7) lim
k
‖αk‖
2
kφFk(∆ln k)
= 1,
restriting the norms to the polydis of radius ln k saled by the map
Fk (in formula 4.9). To see this note that ombining (ii) in formula 5.2
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with the inequality 4.12 gives, using lemma 4.2 applied to the innite ray
{σ} × [0,∞[,
lim
k
k−(n+1)Bk(σ, v/k) = B0(0, v)
for almost all (σ, v). The inequality 4.11 then gives 5.7 as in the interior
ase. The integral over y in the denition of I2,k (for a xed point x) now
equals
k−nBk(σx, ρx)
∫
ρ(y)≥− ln k/k1
f(σx, σy) |αk(σy, ρy)|
2
kφ ωn(y).
By 5.7 αk is peaked around σy = σx showing that 5.6 is the limit of
k−nBk(σx, ρx)f(σx, σx)
∫
|αk(σy, ρy)|
2
kφ ωn(y).
Sine the integral of |αk(σy, ρy)|
2
is equal to one in the limit (by 5.7)
formula 5.2 nally proves 5.4. 
5.2. Saling asymptotis. In this setion saling asymptotis for the
Bergman kernels in the interior of X and at the boundary of X will be
obtained. The salings are expressed in terms of the loal oordinates
introdued in setion 4.1 and 4.3, respetively. In the interior ase we
will use the notation B(k)(z) = Bk(z/k1/2) and K(k)(z, w) = K
(k)
z (w) =
K(z/k1/2, w/k1/2) and similarly in the boundary ase, using the saling
map 4.9 in the latter ase. Note that we have suppressed the dependene
on the xed enter (whih is the point x in the interiour and the point σ
at the boundary).
Lemma 5.2. . Let φ be any smooth Hermitian metri on the line bundle
L over Y . Then the saled Bergman kernels around eah xed interior
point x satisfy
(i) lim sup
k
∥∥k−nK(k)z ∥∥2kφ0 ≤ ∥∥K0z∥∥2φ0 (= B0(z)),
in terms of the model norms (restrited to a polydis of radius ln k in
the left hand side). Moreover, the left hand side is uniformly bounded by
a onstant independent of z. Similarly, for eah xed boundary point σ
(ii) lim sup
k
∥∥k−(n+1)K(k)z,w∥∥2kφ0 ≤ ∥∥K0z,w∥∥2φ0 (= B0(z, w)),
in terms of the model norms (restrited to a polydis of radius ln k in the
left hand side).
Proof. By formula 2.10
(5.8)
∥∥k−nK(k)z ∥∥2kφ = k−nB(k)(z)(k−n ∥∥α(k)∥∥2kφ),
where αk is an extremal at the point xk =z/k
1/2
with global norm equal
to one. Hene,
lim sup
k
∥∥k−nK(k)z ∥∥2kφ0 ≤ lim sup
k
k−nB(k)(z) ≤ B0(z),
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where we have used the Morse inequality 4.4 in the nal step. By the
reproduing property of the Bergman kernel (or the analog of formula
5.8) in the model ase this proves (i). The proof of (ii) follows along the
same lines, now using the Morse inequities 4.12. 
Lemma 5.3. Let Bk be the Bergman funtion for the Hilbert spae
Hk(Y, L
k)X assoiated to the polarized pseudoonave domain X (se-
tion 2.1). Then Bk has a subsequene Bkj suh that for almost any point
x in the interior of X (i.e. x ∈ X − E, where E has measure zero) the
following saling asymptotis entered at x hold:
(5.9) (i) k−nj B
(kj)(z) = B0(z)
for almost all z. Similarly, for almost any xed boundary point σ (i.e.
σa ∈ ∂X − F, where F has measure zero in ∂X)
(ii) lim
k
k
−(n+1)
j B
(kj)(z, w) = B0(z, w)
for almost all (z, w).
Proof. First onsider the interior ase. Taking Φk = Id (i.e. the identity
map) in lemma 4.2 and using the Morse inequality 4.4 applied to the
enter (i.e. to k−nB(k)(0) = k−nBk(x)) proves 5.9 when z = 0, i.e. that
(5.10) lim
k
k−nBk(x) = B0(x)
a.e. on X. Now x a point x0 in X and a oordinate neighbourhood V
entered at x0 that we identify with a subset of C
n
. Let U be a ball of
xed radius entered at the origin in Cn. On V we may write
B(k)(A(z)u) = Bk(Φk,u(z)) := B
k(z + A(z)u/k1/2),
where A(z) is a matrix-valued funtion and where the enter of the saling
is z.8 On U the matrix A(z) may even be hosen to depend smoothly on
z. Note that the norm of the Jaobian of Φk,u − Id is bounded by a
onstant times 1/kn/2. Now take a smooth funtion χ supported on U
suh that χ = 1 on some neighbourhood V (x0) of the xed point x0. Let
fk := χk
−nBk and f := χB0 on V. By 5.10 (and dominated onvergene)
we have
lim
k
∫
V
fkωn =
∫
V
fωn
Applying lemma 4.2 to fk with (M, ν) = (X,ωn) and V and U as above
and using the Morse inequality 4.12 proves that fk tends to f for almost
all (x, u) in V × U. In partiular, k−nBk(Φk,u(x)) tends to B0(x) for
almost all (x, u) in V (x0) × U. By Fubini's theorem this means that for
almost all xed x in V (x0) we have that k
−nBk(Φk,u(x)) tends to B0(x)
8
reall that the denition of B(k) involves a hoie of oordinates, that are or-
thonormal at z, orresponding to multiplying A(z) by a unitary matrix. But it is
learly enough to obtained the saling asymptotis for some hoie of A(z).
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for almost all u in U. But sine x0 was arbitrary this proves the interior
ase.
To prove the boundary ase, rst note that as in the proof of theorem
5.1,
lim
k
∫
∂X×[− ln k,0]
Bk(σ, v/k)dvdσ) =
∫
∂X×[− ln k,0]
B0(σ, v)dvdσ).
The proof now follows along the lines of the interior ase, using the Morse
inequality 4.12 for Bk. 
We now turn to the proof of the saling onvergene of the Bergman
kernel stated as theorem 1.2 in the introdution.
Proof of theorem 1.2. We rst onsider the interior ase. Fix a
point x in X − E where E is the set of measure zero where the on-
vergene in lemma 5.3 fails. By the uniform bound in lemma 5.2, the
sequene k−nj K
(kj)
z extended by zero onverges (after hoosing a subse-
quene) weakly to an element βz in the model spae. Moreover, sine
k−nj K
(kj)
z is a holomorphi funtion the L2- bounds may, using Cauhy
estimates, be onverted to C∞−onvergene on any given ompat set.
In partiular,
lim
j
k−nj K
(kj)
z (z) = βz(z).
By lemma 5.3 (whih is equivalent to the orresponding asymptoti iden-
tity for K
(k)
z (z)) this means that
(5.11) βz(z) = K
0
z (z)
under the assumptions of the theorem. The inequality (i) in lemma 5.2
ombined with the extremal haraterization 2.9 of the Bergman funtion
Bk then fores
(5.12) βz(w) = czK
0
z (w)
for eah w, where cz is of unit norm for eah xed z. Combining 5.11 and
5.12 when z = w shows that cz = 1. All in all we dedue that, for eah
xed z,
lim
j
k−nj K
(kj)
z = K
0
z
uniformly on any given ompat set. The limit has been established
for a ertain subsequene of k−nj K
(kj), but in fat it implies point-wise
onvergene of the sequene k−nj K
(kj)
itself sine the limiting funtion is
independent of the subsequene of k−nj K
(kj). Moreover, by the uniform
bound (i) in lemma 5.2 ∥∥K(kj) −K0∥∥ ≤ C
in L2 for eah xed ompat set in Cn×Cn. Sine the sequene (K(kj)−
K0) is holomorphi on Cn × Cn Cauhy estimates nally may be used
again to onvert the L2- onvergene on Cn×Cn to C∞−onvergene on
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any xed ompat set of Cn × Cn, proving the theorem in the interior
ase.
The boundary ase follows along the same lines, now using (ii) in
lemma 5.2 and 5.3.
6. Bergman metri asymptotis
Denote by Ωk the following global (1, 1)−urrent on Y :
Ωk := dd
c(lnKk(y, y))(= ddc(
∑
i
|ψi(y)|
2))
where Kk(y, y) is the Bergman kernel of the Hilbert spae Hk(Y, L
k)X
(with orthonormal basis (ψi)), restrited to the diagonal and identied
with a setion of L ⊗ L over Y. Equivalently, Ωk is the pull-bak of the
Fubini-Study metri ωFS on P
N(= PHk(Y )X) (ompare setion 3) under
the Kodaira map
Y → PHk(Y )X , y 7→ (Ψ1(y) : Ψ2(y)... : ΨN(y)) ,
where (Ψi) is an orthonormal base for Hk(Y )X , i.e Ωk is the (normalized)
urvature of the metri lnKk(y, y) on L, whih is the pull-bak of the
Fubini-Study metri on the hyper plane line bundle O(1) over PN(=
PHk(Y )X). We will all Ωk the kth Bergman metri on Y indued by the
polarized domain X.
Now x a point σ in ∂X and reall that B0 and K0 denote the orre-
sponding model Bergman funtion and kernel, respetively, on Cny dened
in setion 4.3.
Lemma 6.1. Let T be dened as in formula 1.5. Then
ddc(lnK0(y, y)) = td(dcρ0) + dd
cφ0 + dt ∧ d
cρ0
where t = ∂
∂ρ0
lnB0(ρ0) is stritly inreasing, mapping [−∞,∞] to [0, T ].
Proof. Consider ψ(ρ0) = lnB
0(ρ0) as a funtion on C
n
. Then
ddcψ = d(
∂ψ
∂ρ0
dcρ0) = td(d
cρ0) + dt ∧ d
cρ0,
where we have used Leibniz rule in the last step and the denition of t
above. To prove the last statement above note that ψ is of the general
form
ψ(y) = ln
∫
K
e〈y,t〉dν(t),
where y and t are vetors in Eulidean RN and dν(t) is a nite measure
supported on a ompat set K. Hene, ψ is onvex and it follows from
well-known onvex analysis [24℄ that the gradient of ψ maps RN bije-
tively onto the interior of K. When N = 1 and K = [a, b] it also follows
that −∞ and ∞ are mapped to a and b, respetively. 
Next, we will prove theorem 1.3 about the onvergene of the Bergman
metri.
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Proof of theorem 1.3. Let us rst prove the weak onvergene of the
(normalized) sequene of Bergman volume forms (ddc(k−1lnKk(y, y))n .
Sine the mass of this sequene of measures is bounded (ompare 6.5
below), it is by weak ompatness enough to show that any subsequene
has another subsequene that onverges to the expeted limit. Now given
a rst hoie of subsequene it has itself a subsequene suh that the
saling onvergene in theorem 1.2 holds. Hene, it will be enough to
show weak onvergene for the latter subsequene and to simplify the
notation we will assume that it is indexed by k in the following.
Let Gk(y) := (ddc(k−1lnKk(y, y))n/ωn and
GkX(y) := 1{ρ≤−1/ lnk}G
k(y), Gk∂X(y) :=
∫ lnk/k
− ln k/k
Gk(σ, ρ)dρ
where σ denotes a point in ∂X as in the proof of theorem 5.1. To prove
the weak onvergene, i.e. that for any smooth test funtion f :
(6.1) lim
k
∫
Gkfωn =
∫
X(0)
f(ddcφ)n +
∫
∂X
fµ
it is learly enough, by deomposing the previous integral into dierent
regions, to prove the following
Claim 6.2. The following holds:
(a) GkX → 1X(0)(dd
cφ)n/ωn inL
1(X,ωn)
(b) Gk∂X → µ/dσ inL
1(∂X, dσ)
(c)
∫
−1/ lnk≤ρ≤− ln k/k
Gkωn → 0
(d)
∫
Rk/k≤ρ
Gkωn → 0
Proof. First observe that the following holds:
(a′) : GkX(x)→ (1X(0)(dd
cφ)n/ωn)(x) a.e. on (X(0), ωn)
Indeed, onsider a xed point x in the interior region and take loal
oordinates z entered and orthonormal at x. Write z = ζ/k. Then the
hain rule gives
(6.2) ∂∂(k−1lnKk) =
∑
i,j
∂2lnK(k)(ζ))
∂ζi∂ζ¯j
dzi ∧ dz¯j
Note that for eah xed k we may replae K(k)(ζ) in the formula above
by k−nK(k)(ζ), sine ∂2(lnk−n) = 0. Now, by the saling onvergene (i)
in theorem 1.2 evaluating 6.2 at 0 shows that at almost any xed point
x :
lim
k
(∂∂(k−1lnKk))n = (
∑
i
λx,idzi ∧ dz¯i)n = (∂∂φ)n .
Next, we will show
(b′) : lim inf
k
Gk∂X(σ) ≥ (µ/dσ)(σ) a.e. on (∂X, dσ)
BERGMAN KERNELS AND EQUILIBRIUM MEASURES FOR POLARIZED PSEUDOCONCAVE DOMAINS27
To this end x a point σ in ∂X − E, where E is the set of measure
zero where the saling onvergene (ii) in theorem 1.2 fails. Take loal
holomorphi oordinates (z, w) as in setion 4.3. Reall that z is in Cn−1
and w = u+ iv. After a hange of variables, Gk∂X may be written in the
following way:
(6.3) Gk∂X(σ) =
∫ ln k
− lnk
k−1Gk(0, iv′/k)dv′
(we are making the same simplifying assumptions on the xed ray lose to
the boundary as in the beginning of the proof of theorem 5.1). Introdue
the saled oordinates ζ = (zk1/2, wk). Then the integrand above may
be written as
(6.4) k−1Gk(0, iv′/k) = det(
∂2lnK(k)
∂ζi∂ζ¯j
)(0, iv′).
Indeed, from the denition of Gk we have that the left hand side in the
formula above may be written as
det(
∂2lnK(k)
∂ζi∂ζ¯j
)(ζ) · (k−(n+1)(dζ1 ∧ dζ¯1 · · · )/(dz1 ∧ dz¯1 · · · dw ∧ dw¯))
By the denition of the saled oordinates ζ the seond fator is equal
to one and evaluating the expression at ζ = (0, iv′) then proves 6.4.
As in the interior ase above, we may now multiply K(k) in 6.4 by a
fator k−(n+1) and apply theorem 1.2 (ii) ombined with lemma 6.1 to
obtain
lim
k
k−1Gk(0, iv′/k)dv′ = det(ddcφ+ tddcρ)dt,
where t is a funtion of v′. Fatou's lemma ombined with the hange of
variables t = t(v′) in the integral 6.3 then proves (b′).
Now observe that 6.1 holds when f = 1. Indeed, sine ddc(k−1 lnKk)
represents the rst Chern lass of L over Y this follows as in the proof of
proposition 4.1. In partiular, splitting the integral gives the following
upper bounds on the quantities in the laim 6.2:
(6.5)
∫
X(0)
(ddcφ)n +
∫
∂X
µ ≥
lim supk
∫
GkXωn + lim infk
∫
∂X
Gk∂Xdσ+
lim infk(
∫
−1/ ln kk≤ρ≤− ln kk/k
Gkωn +
∫
lnkk/k≤ρ
Gkωn)
Moreover, the previous bound learly also holds whith lim sup in front
of any of the other two integrals (as long as the remaing integrals have
lim inf in front of them) . But then the lower bounds in (a′) and (b′)
above ombined with Fatou's lemma fore
(6.6) lim
k
∫
GkXωn =
∫
X(0)
(ddcφ)n, lim
k
∫
∂X
Gk∂Xdσ =
∫
∂X
µ.
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Hene, (a) and (b) in the laim 6.2 follow from ombininig these two
limits with (a′) and (b′) above, using the integration lemma 4.3. Finally,
ombing 6.5 and 6.6 proves (c) and (d).
The statements (i) and (ii) of the theorem follow diretly from theorem
1.2 ombined with lemma 6.1. 
7. Equilibrium measures
In this setion we will take X to be any given ompat set in Y and φ
any given metri on L→ Y whih is ontinuous on X (only the restri-
tion of φ to X will be relevant in the sequal). We will, for simpliity,
assume that L is semi-positive, i.e that it admits some smooth metri
with semi-positive urvature (see [6, 9℄ for the setup in the general ase).
Comparing with the previous setions we will say that X (or rather the
pair (X, φ)) is a (semi-)polarized set if φ is smooth on X with (semi-
)positive urvature form on all of X.
7.1. Equilibrium metris. To a general pair (X, φ) we may assoiate
the following equilibrium metri on L→ Y :
(7.1) φe(y) = sup
{
φ˜(y) : φ˜ ∈ L(X,L), φ˜ ≤ φ onX
}
.
where L(X,L) is the lass onsisting of all (possibly singular) metris on L
with positive urvature urrent. Then the upper semi-ontinuous (us)
regularization φ∗e is in L(X,L) and is loally bounded [25℄. In partiular,
the Monge-Ampere measure (ddcφ∗e)
n/n! is a well-dened positive mea-
sure by the lassial work of Bedford-Taylor [26℄, whih is supported onX
and alled the equilibrium measure assoiated to (X, φ). It was reently
introdued in the more general global setting of quasiplurisubharmoni
funtions by Guedj-Zeriahi [25℄.
7.2. Regularity. In ase (X, φ) is a semi-polarized domain one has that
φe = φ on the interiour ofX [25℄, hene the non-trivial ontribution to the
equilibrium measure then omes from the boundary of X. The situation
when X is all of Y, but φ is any (typially non-positively urved) smooth
metri on L is studied in [6℄. In the latter ase it follows diretly that φe
is us, i.e. φ∗e = φe. In the general ase the latter property holds preisely
when φ∗e = φe on X and we will then say that (X, φ) is regular, using
lassial terminology[26℄. In fat, φ∗e = φe on X preisely when φe is
ontinuous on all of Y. As we will not onsider regularity issues we refer
the interested reader to [9℄ for a reent aount, based on the lassial
work by Siiak and others. For example, when X is a domain with
smooth boundary (X, φ) is always regular (as long as φ is ontinuous).
Remark 7.1. Consider the ase when X is a polarized domain in Y with
smooth boundary, so that φ∗e = φe, whih is equal to φ on X. Then
(ddcφe)
n/n! = 0 on the omplement of X [25℄ and by the domination
priniple [9℄ φe may then be araterized as the unique extension of φ
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from X to all of Y whih solves the Dirihlet problem for the Monge-
Ampere operator on Y − X. Using this it should be possibly to obtain
the onvergene of the Monge-Ampere operators in theorem 1.4, in the
speial ase when X is polarized pseudoonave domain with ompatible
urvatures, from theorem 1.3 (ompare the approah in [29℄).
7.3. Bernstein-Markov measures and general Bergman kernels.
Extending lassial terminology (ompare [16, 9℄) a measure ν is said
to satisfy the Bernstein-Markov property with respet to (X, φ) if for any
positive number ǫ there is a onstant Cǫ suh that the following inequality
holds for all positive integers k :
(7.2) sup
x∈X
|αk|
2
kφ (x) ≤ Cǫe
kǫ
∫
Y
|αk|
2
kφ ν
for any element αk of H
0(Y, Lk). Given suh a measure ν one obtains a
Hilbert spae struture on H0(Y, Lk) by replaing the measure 1Xωn in
formula 2.2 with ν. We will denote by Kk the orresponding Bergman
kernel, whih hene depends on (ν, φ) and by Bkν the orresponding
Bergman measure.
For example, if X is a smooth domain and ν = 1Xωn, where ωn is
a smooth volume form on Y then ν has the Bernstein-Markov property
with respet to (X, φ) (ompare [9℄ where this is proved by adapting
lassial arguments of Siiak and others).
7.4. The proof of theorem 1.4. In the proof of the theorem 1.4 we
will make use of the following well-known extension lemma, whih follows
from the Ohsawa-Takegoshi theorem (ompare [10℄):
Lemma 7.2. Let (L, φ′) be a (singular) Hermitian line bundle suh that
φ′ has positive urvature form and let (A, φA) be an ample line bundle
with a smooth (but not neesserly positively urved) metri φA. Then the
following holds after replaing A by a suiently high tensor power: for
any point y where φ′ 6=∞, there is an element α in H0(Y, Lk ⊗ A) suh
that
(7.3) |αk(y)|kφ′ = 1, ‖αk‖Y,kφ′ ≤ C.
The onstant C is independent of the point y and the power k.
The next lemma is used to redue the general ase to the ase when L
is an ample line bundle.
Lemma 7.3. Let (A, φA) be a positive smooth Hermitian line bundle and
let φm := mφ + φA be the indued metri on L
m ⊗A. Then
(7.4) ((mφ+ φA)e − φA)/m→ φe
is a dereasing limit. Moreover, applying the Monge-Ampere operator to
both sides gives a weakly onvergent sequene of measures on Y.
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Proof. To simplify the notation we set ǫ = 1/m and interpretate φ+ ǫφA
as a Q−metri on the Q- line bundle Aǫ⊗L (these an be dened either
in analogy with Q−divisors [27℄, or in terms of quasiplurisubharmoi
funtions as in remark 7.7). Then Φǫ := (φ+ ǫφA)e − φA is the sequene
of metris on L given by the left hand side in 7.4. To see that Φǫ dereases
as ǫdereases to 0 it is learly equivalent to prove
ǫ ≥ ǫ′ ⇒ (φ+ ǫφA)e ≥ (φ+ ǫ
′φA)e + (ǫ− ǫ
′)φA.
But this follows sine the right hand side is a ontender for the sup
dening (φ + ǫφA)e (using that dd
cφA ≥ 0). As a onsequene limǫ→0Φǫ
exists and
lim
ǫ→0
Φǫ ≥ Φ0 = φe, dd
c(lim
ǫ→0
Φǫ) ≥ 0
Moreover, by denition Φǫ ≤ (φ + ǫφA) − ǫφA ≤ φ on int(X). Hene
limǫ→0Φǫ ≤ φe by the extremal dention of φe. This proves 7.4. Finally,
writing
(ddcΦǫ)
n/n! =
n∑
k=0
(−ǫ)(n−k)(ddc(φ+ ǫφA)e)
k/k!(ddcφA)
(n−k)/(n− k)!
and using that the operator that takes ψ to the urrent (ddcψ)k) is on-
tinuous [26℄ when applied to a dereasing limit of plurisubharmoni fun-
tions (here given by a loal representation of (φ+ ǫφA)e), proves the last
statement of the lemma. 
Now we an prove theorem 1.4 stated in the introdution, saying that
the metri on L indued by the Bergman kernel onverges to φe.
Proof of theorem 1.4. Let us rst prove the upper bound on k−1lnKk
if µ is a measure with the Bernstein-Markov property. To this end x
ǫ > 0 and observe that by the very denition of the latter property and
the extremal aratererization 2.9 of the Bergman kernel
k−1(lnKk(x, x)− lnCǫ)− ǫ ≤ φ
for x ∈ X, for any k. In partiular,
(7.5) k−1(lnKk(y, y)− lnCǫ)− ǫ ≤ φe
on all of Y, by the extremal denition of φe, whih proves the upper
bound orresponding to 1.8.
Next, let us prove the lower bound in the ase (i). Given ǫ > 0 x
an arbitrary point y in Y. A standard regularization argument involving
Demailly's regularization theorem (see [9℄) yields a andidate φ′ for the
sup dening φe suh that φ
′
is ontinuous on X and φ′(y) ≥ φe(y) − ǫ.
Now take an element αk in H
0(Y, Lk⊗A) furnished by lemma 7.2. Sine
by onstrution φ′ ≤ φ on X we have that
(7.6)
∫
X
|αk|
2
kφ+φA
ωn ≤
∫
Y
|αk|
2
kφ′+φA
ωn
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Hene, 7.3 in lemma 7.2 gives that
k−1ln (|αk(y)|
2
kφ′+φA
/
∫
X
|αk|
2
kφ+φA
ωn) ≥ C
′k−1
and sine φ′(y) ≥ φe(y)− ǫ we then obtain
k−1ln (|αk(y)|
2 /
∫
X
|αk|
2
kφ+φA
ωn) ≥ φe(y)− ǫ+ (φA(y) + C
′)k−1
Finally setting (A, φA) = (L
k0 , k0φ) for k0 a xed large natural number
and writiting Lk = Lk−k0 ⊗ A proves the lower bound orresponding to
1.8 in the ase (i).
The ase (ii) now follows from the previous lower bound and the fat
that the Bernstein-Markov inequality used to get the upper bound may
be replaed by the following stronger inequality if X is a smooth pseu-
doonave domain:
(7.7) sup
x∈X
|αk(x)|
2
kφ /
∫
X
|αk|
2
kφ ωn ≤ Ck
(n+1)
uniformly in k. Indeed, the previous bound is a diret onsequene of the
Morse inequalities in setion 4 (see also [4℄ for the middle region).
To prove the lower bound in the ase (iii), x ǫ > 0 and denote by
Xδ the losure of an open δ−neighbourhood of X. By the previous argu-
ment used to prove the lower bound in the ase (ii) applied to Xδ (for
δ suently small) and with φ′ = φe (whih is us by assumption) it is
enough to prove that
(7.8)
∫
X
|αk|
2
kφe
ν ≤ Cǫe
kǫ
∫
Xδ
|αk|
2
kφe
ωn.
But this is a simple onsequene of the submean property of holomorphi
funtions. Indeed, for any xed x in X the latter property gives
|αk|
2 (x) ≤ Cδ
∫
Bδ(x)
|αk|
2 ωn,
in a xed trivialization of L on the oordinate ball Bδ(x) of radius δ en-
tered at x. Now sine, by assumption, φe is us we may hose δ suiently
small that
(7.9) |αk|
2
kφe
(x) ≤ Cδ(ǫ)e
kǫ
∫
Bδ(x)
|αk|
2
kφe
ωn(≤ Cδ(ǫ)e
kǫ
∫
Xδ
|αk|
2
kφe
ωn)
Hene, integrating over x proves 7.8.
Finally, to prove the onvergene 1.9 in the theorem reall that the
Monge-Ampere operator (mapping φ to (ddcφ)n) is ontinuous when ap-
plied to a uniform limit [26℄ of plurisubharmoni funtions.
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Remark 7.4. Given a ompat subset X and a ontinuous metri φ on
an ample line bundle L, let
ψk(y) := ln ( sup
αk∈H0(Y,Lk).
|αk(y)|
2
supY |αk(y)|
2
kφ
),
whih is an L∞-version of the kth Bergman metri. By denition ψk ≤ φe
on X for any k. Hene, the proof of the lower bound in Theorem 1.4
(iii) in gives that ψk also onverges uniformly to φe if (X, φ) is regular.
Moreover, a slight modiation of the argument gives that if X is any
ompat set, then the orresponding point-wise onvergene always holds.
Indeed, given a xed point y in Y and ǫ > 0 one applies lemma 7.2 to
a ontinuous metri φ′ dened as in the proof of (i) in Theorem 1.4.
Then the onvergene will in general only be point-wise sine the δ in
the estimate 7.9 will depend on the osillation of φ′ (whih plays the
role of φe) and hene on the point y.
Proof of orollary 1.5. First assume that L is ample. Then ombining
theorem 1.3 and theorem 1.4 immediately proves the orollary. When L
is not ample we replae it by the ample line bundle Lm ⊗ A. Finally,
letting m tend to innity and ombining the ample ase with lemma 7.3
then nishes the proof of the orollary.
Example 7.5. Under the assumption 2 in setion 2.2 , we have that
φe ≡ 0 on Y −X (also assuming that L is a positive line bundle). Indeed,
in this ase φe is ontinuous on all of Y (sine it is the uniform limit of
ontinuous funtions aording to theorem 1.4). Hene, φe ≡ 0 on Y −X
by the uniqueness of solutions to orresponding Dirihlet type problem.
In partiular, the previous example shows that in the ase onsidered
in example 3.2 φe orresponds to the funtion ln(|ζ |
2
+) in C
n. 9 This also
follows from the following lass of examples:
Example 7.6. In the ase onsidered in example 3.4 we have that
φe(z, w) := φG(z) + ρ+
on Y − X, using the notation f+ = f when f ≥ 0 and f+ = 0 other-
wise. In fat, this is the extension of φ desribed in that example and
its regularization also desribed there is inidentally very similar to the
one obtained from the limit of k−1(lnKk(y, y) (whih may be omputed
following the onstant urvature ase in setion 4 in [4℄). Note that φe is
ontinuous up to the boundary of Y − X and solves the Dirihlet type
problem in formula ??.
Remark 7.7. In the more general setup of Guedj-Zeriahi [25℄ the pseudo-
onave domain X is replaed by any given Borel set K in Y. Moreover,
the funtion VK,ω := φe(y)−φ(y), where ω = dd
cφ, is alled the global ex-
tremal funtion in [25℄ and it is an example of an ddcφ−plurisubharmoni
9
This is the Siiak-Zaharjuta extremal funtion of the unit-ball (also alled the
pluriomplex Green funtion with a pole at innity [26℄).
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funtion. In partiular, the (generalized) equilibrium measure introdued
above may be written as (ddcφe)n = (ω + dd
cVK,ω)n.
8. Open problems
In view of Theorem 5.1, onerning a polarized domain X with om-
patible urvatures, it is natural to make the following onjeture :
Conjeture 8.1. Suppose that (X, φ) is regular and that the measure
ν has the Bernstein-Markov property with respet to (X, φ). Then the
normalized Bergman measure k−nBkν onverges weakly to the the equi-
librium measure (ddcφe)n assoiated to (X, φ).
If the Bergman measure in the onjeture above is replaed by the nor-
malized volume form (ddc(k−1lnKk(y, y))n of the orresponding Bergman
metri (ompare setion 6) then the statement does hold, aording to
theorem 1.4. Hene, the onjeture above is equivalent to the following
Conjeture 8.2. Under the assumptions of the previous onjeture the
weak limits of k−nBk(y)ν and (ddc(k−1lnKk(y, y))n both exist and oin-
ide.
In the weighted lassial setting in Cn the onjeture 8.1 was made
independently very reently by Bloom-Levenberg in [17℄. In [16℄ Bloom-
Levenberg proved the onjeture for n = 1, i.e. in the omplex plane,
by using the fat that in this ase the equilibrium measure may be har-
aterized as a minimizer of the weighted logarithmi energy (see [16℄ for
further referenes onerning the planar ase). When X = Y, the met-
ri φ is a smooth metri and µ is a smooth volume form the onjeture
was proved very reently in [16℄ (with L any line bundle over X).10 By
reduing to this ase the onjeture an be shown to hold when X is any
dis subbundle of a P1-bundle (as in setion 3, but without any urvature
assumptions). The proof will be given in [7℄.
Returning to the ase when X is a polarized pseudoonave domain
and ν a volume form note that if onjeture 8.1 holds than one obtains
the following bound on the orresponding equilibrium measure from the
loal Morse inequalities in setion 4:
(ddcφe)n ≤ 1X(dd
cφ)n + [∂X ] ∧ µ
Finally, it seems also natural to onjeture that the fators Cǫe
kǫ
in 7.2
may be replaed by Ckn+1 for some onstant C if X is smooth domain
in Y and φ is a smooth metri on L. See [39℄ for results in this diretion
in the lassial setting. As shown in the following appendix the latter
onjeture does hold when X is pseudoonave. One an also ask if
the equilibrium measure of a polarized domain with smooth boundary is
suh that the measure (ddcφe)n − 1X(dd
cφ)n whih is supported on ∂X
is absolutely ontinuous w.r.t the surfae measure on ∂X?
10
In fat, a muh stronger onvergene result was obtained in this ase, by showing
that the orresponding equilibrium measure is absolutely ontinuous with respet to
the Lebesgue measure and is equal to the limit of k−nBk almost everywhere on X.
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9. Appendix
Boundary estimates. In this setion we will give the proof of some
boundary estimates for the saled Bergman funtion B(k), refered to in
setion 4.3. The arguments are essentially ontained in [4℄, but for om-
pleteness we provide some elemantary arguments, whih don't use any
subellipti estimates (as opposed to [4℄). The notation in setion 4.3
will be used, but for notational onveniene we assume that the urva-
ture eigenvalues µi are all equal to −1. Moreover, note that on Xk the
weighted norm is equivalent to the unweighted one: for any funtion f
we have
(1/C) ‖f‖2Xk ≤ ‖f‖
2
Xk,kφ
≤ C ‖f‖2Xk ,
whih follows immediately from the onvergene of the saled metris.
The following lemma uses the pseudoonavity of X0 to estimate the
values of a holomorphi funtion f on a polydis entered at 0, with the
norm of f inside Xk.
Lemma 9.1. Let f be a holomorphi funtion on Xk. Then
sup
∆R
|f |2 ≤ CR ‖f‖
2
Xk
Proof. By a saling argument we may asume that R = 1. First observe
that, by the submean property of holomorphi funtions,
sup
∆
|f |2 ≤ C ‖f‖2∆ .
Hene, it is enough to prove that the integral outside Xk may be esti-
mated by an integral inside of Xk :
(9.1) ‖f‖2∆−Xk ≤ C
′ ‖f‖2Xk .
The latter estimate is essentially a well-known onsequene of the pseu-
doonavity of X. To see this, note that for any given point (z0, w0) in
∆ we have that
(9.2) S0 := {(z, w0) : 3 > |z − z0| > 2} ⊆ Xk
for k large. Indeed, by the uniform onvergene 4.10 it is enough to prove
the inlusion into X0, whih in turn follows from the bound
ρ0(z, w0) := Imw0 − |z|
2 ≤ 1− |z|2 < 0,
if (z, w0) is in S0. Next note that by the submean-property of the holo-
morphi funtion f(·, w0) we have
|f |2 (z0, w0) ≤ C
∫ 3
2
(
∫
|z|=r
|f |2 (z, w0)dσ̂)r
2n−1dr∫ 3
2
r2n−1dr
= C ′
∫
S0
|f |2 (z, w0)dz∧dz¯,
where dσ̂ is the normalized measure on the sphere in Cn−1z of radius r
entered at z0. Finally the bound 9.1 is obained by rst integrating over
the z−variable in the left hand side of 9.1 and then using the previous
point-wise estimate on the integrand. The point is that, by 9.2, S0 is a
subset of X0. 
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The next lemma is independent of any urvature assumptions.
Lemma 9.2. Let f be a holomorphi funtion on Xk. Then for v ∈
[−1
2
ln k, 0] we have that
|f(0, iv)|2 ≤
C
v2
‖f‖2Xk
Proof. By the submean propery of the holomorphi funtion f(0, ·) we
have
|f(0, iv)|2 ≤
C
v2
∫
|w−iv|≤−v/2
|f |2 (0, w)dw ∧ dw¯.
Note that, by assumption, the integration takes plae over points inside
Xk. Finally, estimating |f |
2 (0, w), using the submean property of f(·, w)
over the unit-ball in the z−variables, then nishes the proof of the lemma.

Now by ombining the two previous lemmas we obtain that the fun-
tion 1Rk≤v≤0(v)B
(k)(0, iv) is dominated by the following funtion whih
is in L1]−∞, 0[:
g(v) := C, for v ≥ −1 g(v) :=
C
v2
for v < −1
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